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Abstract —Function computation in directed acyclic networks is 
considered, where a sink node wants to compute a target function 
with the inputs generated at multiple source nodes. The network 
links are error-free but capacity-limited, and the intermediate 
network nodes perform network coding. The target function is 
required to be computed with zero error. The computing rate 
of a network code is measured by the average number of times 
that the target function can be computed for one use of the 
network. We propose a cut-set bound on the computing rate 
using an equivalence relation associated with the inputs of the 
target function. Our bound holds for general target functions and 
network topologies. We also show that our bound is tight for some 
special cases where the computing capacity can be characterized. 


I. Introduction 

We consider function computation in a directed acyclic 
network, where a target function f is intended to be calculated 
at a sink node, and the input symbols of the target function 
are generated at multiple source nodes. As a special case, 
network communication is just the computation of the identity 
function]^ Network function computation naturally arises in 
sensor networks m and Internet of Things, and may find 
applications in big data processing. 

Various models and special cases of this problem have 
been studied in literature (see the summarizations in 0 - 
1141). We are interested in the following network coding model 
for function computation. Specifically, we assume that the 
network links have limited (unit) capacity and are error-free. 
Each source node generates multiple input symbols, and the 
network codes perform vector network coding by using the 
network multiple times @ An intermediate network node can 
transmit the output of a certain fixed function of the symbols 
it receives. Here all the intermediated nodes are considered 
with unbounded computing ability. The target function is 
required to be computed correctly for all possible inputs. We 
are interested in the computing rate of a network code that 
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1 A function f : A —> A is identity if f(x) = x for all x G A. 

2 One use of a network means the use of each link in the network at most 
once. 


computes the target function, i.e., the average number of times 
that the target function can be computed for one use of the 
network. The maximum achievable computing rate is called 
the computing capacity. 

When computing the identity function, the problem becomes 
the extensively studied network coding a, ei, and it is known 
that in general linear network codes are sufficient to achieve 
the multicast capacity El, 0. For linear target functions over 
a finite field, a complete characterization of the computing 
capacity is not available for networks with one sink node. 
Certain necessary and sufficient conditions have been obtained 
such that linear network codes are sufficient to calculate a 
linear target function 0. El- But in general, linear network 
codes are not sufficient to achieve the computing capacity of 
linear target functions 0 . 

Networks with a single sink node are discussed in this paper, 
while both the target function and the network code can be 
non-linear. In this scenario, the computing capacity is known 
when the network is a multi-edge tree [0 or when the target 
function is the identity function. For the general case, various 
bounds on the computing capacity based on cut sets have been 
studied 0 . 0 - But we find that the upper bounds claimed in 
0, 0 are not valid. Specifically, the proof of 0 Theorem 
II. 1] has an errofl The condition provided in the beginning 
of the second paragraph is not always necessary, which is 
illustrated by an example given in this paper. We show that 
the computing capacity of our example is strictly larger than 
the two upper bounds claimed in 0, 0. 

Towards a general upper bound, we define an equivalence 
relation associated with the inputs of the target function (but 
does not depend on the network topology) and propose a cut¬ 
set bound on the computing capacity using this equivalence 
relation. Our bound holds for general target functions and 
general network topologies in the network coding model. We 
also show that our bound is tight when the network is a multi¬ 
edge tree or when the target function is the identity function. 

In the remainder of this paper, Section|II]formally introduces 
the network computing model. The upper bound of the com¬ 
puting rate is given in Theorem[3] and is proved in Section 1 1V 1 
Section m compares with the previous results and discusses 
the tightness of our upper bound. 

'No proof is provided for the upper bound (Lemma 3) in (3- 


II. Main Results 

In this section, we will first introduce the network com¬ 
puting model. Then we will define cut sets and discuss some 
special cases of the function computation problem. Last we 
head to the main theorem about the cut-set bound for function 
computation. 

A. Function-Computing Network Codes 

Let G = (V, £) be a directed acyclic graph (DAG) with 
a finite vertex set V and an edge set £, where multi-edges 
between a certain pair of nodes are allowed. A network over G 
is denoted as M = (G, S, p), where S' C V is called the source 
nodes and p £ V\S is called the sink node p. Let s = |S|, 
and without loss of generality (WLOG), let S = {1, 2,..., s}. 
For an edge e = (u, v), we call u the tail of e (denoted by 
tail(e)) and v the head of e (denoted by head(e)). Moreover, 
for each node u £ V, let £\(u) = {e £ £ : head(e) = u} 
and £ 0 (u) = {e £ £ : tail(e) = u) be the set of incoming 
edges and the set of outgoing edges of u, respectively. Fix 
an order of the vertex set V that is consistent with the partial 
order induced by the directed graph G. This order naturally 
induces an order of the edge set £, where edges e > e' if 
either tail(e) > tail(e') or tail(e) = tail(e') and head(e) > 
head(e / ). WLOG, we assume that £\(j) = 0 for all source 
nodes j £ S, and £ 0 (p) — 0- We will illustrate in Section lTlI-CI 
how to apply our results on a network with £\{j) ^ 0 for 
certain j £ S. 

The network defined above is used to compute a function, 
where multiple inputs are generated at the source nodes and 
the output of the function is demanded by the sink node. 
The computation units with unbounded computing ability are 
allocated at all the network nodes. However, the computing 
capability of the network will be bounded by the network 
transmission capability. Denote by B a finite alphabet. We 
assume that each edge can transmit a symbol in B reliably for 
each use. 

Denote by A and O two finite alphabets. Let / : A s -A O 
be the target function, which is the function to be computed 
via the network and whose v'th input is generated at the ith 
source node. We may use the network to compute the function 
multiple times. Suppose that the jth source node consecutively 
generates k symbols in A denoted by xij, x^j, ■ ■ ■, Xkj, and 
the symbols generated by all the source nodes can be given as 
a matrix x = (xij)kxs- We denote by Xj the jth column of x, 
and denote by x‘ the ith row of x. In other words, x :! is the 
vector of the symbols generated at the jth source node, and 
x l is the input vector of the jth computation of the function 
/. Define for x £ A kxs 

fW(x) = (f(x 1 ),f(x 2 ),...,f(x k )) r . 


/ is defined as follows. Let x £ A kxs be the matrix formed 
by symbols generated at the source nodes. The purpose of the 
code is to compute f l ‘ k ' 1 (x) by transmitting at most n symbols 
in A on each edge in £. Denote the symbols transmitted on 
edge e by g e (x) £ B n . For a set of edges E C £ we define 

g E {x) = (g e (x)\e £ E) 


where g ei (x) comes before g e2 (x) whenever e\ < e-2.. The 
(n, k ) network code contains the encoding function for each 
edge e, define: 

f A k -a B n , if u £ 5; 

' l n e 'e£i(taii(e)) Bn Bn > otherwise. 

Functions h e , e £ £ determine the symbols transmitted on the 
edges. Specifically, if e is an outgoing edge of the jth source 
node, then 

g e {x) = h e (xi ); 


if e is an outgoing edge of u £ V \ (S U {p}), then 

g e ( x ) = h e (/‘^(z))- 

The (n, k) network code also contains a decoding function 

ip: [J B n ^O k . 
e'efi(p) 


Define 

4’{x) = ip (g £i{p \xf) . 

If the network code computes /, i.e., ip{x) = f ^ {x) for all 
x £ A kxs , we then call ^ log| B | |*4| an achievable computing 
rate, where we multiply ^ by log B yl| in order to normalize 
the computing rate for target functions with different input 
alphabets. The computing capacity of network A f with respect 
to a target function / is defined as 


[ k k 1 

C{N, /) = sup < - log| B | |^| - log| B | \A\ is achievable ^ . 


B. Cut Sets and Special Cases 

For two nodes u and v in V, denote the relation u v 
if there exists a directed path from u to v in G. If there is 
no directed path from u to v, we say u is separated from v. 
Given a set of edges C C £, I c is defined to be the set of 
source nodes which are separated from the sink node p if C 
is deleted from £. Set C is called a cut set if Ic f 0, and 
the family of all cut sets in network M is denoted as A (A I). 
Additionally, we define the set Kc as 


Kc = {i £ 5|3v, t £ V, i —» v, (v, t) £ C} . 


For convenience, we denote by xj the submatrix of x formed 
by the columns indexed by J C S, and denote by x 1 the sub¬ 
matrix of x formed by the rows indexed by I C {1,2 ,...,k}. 
We equate A [ x ' s with A s in this paper. 

For two positive integers n and k , a (n, k) (function¬ 
computing) network code over network A f with target function 


It is reasonable to assume that u —>• p for all u £ V. Then 
one can easily see that Kc is the set of source nodes from 
which there exists a path to the sink node through C. Define 

Jc = K c \Ic- 

The problem also becomes simple when s = 1. 





Proposition 1. For a network J\f with a single source node Af (where the super source node performs the operations of 
and any target function f : A —t O, all the source nodes in A/"), we have 


C(Af,f)= min -- ^ , 

ceA(A0 log|^| |/[-A]| 

where f[A\ is the image of f on O. 

Proof: We first show that the right hand side in the above 
equation could be achieved. Let 


M = 


min 

CgA(A0 


\c\. 


Fix integers k and n such that fc/nlog| B | |.A| 
which implies 


\f[A]\ k < \B\ 


< C(AT,f), 
( 1 ) 


By the max-flow min-cut theorem of directed acyclic graphs, 
there must exist M edge-disjoint paths from the source node 
to the sink node, and each of them can transmit one symbol 
in B. We can apply the following network computing code to 
compute /The source node first computes f( k \x), and 
then encodes f( k \x) into a unique sequence y in B nM using 
a one-to-one mapping m, whose existence is guaranteed by 
CD. The network then forwards y from the source node to the 
sink node by n uses of the M paths. The sink node decodes 
by m~ 1 (y). 

We then prove the converse. Suppose that we have a (n, k) 
code with k/n log| S | |»4| > C(Af,f), which implies 

\f[A]\ k > \B\ nM . ( 2 ) 

Fix a cut set C with |Cj = M. It can be shown that 


C{N,f)<C{N',f). 

The proof is completed by applying Proposition [I] on A f and 
A(AC) = {C€ A(A0 : I c = S}. U 

The above upper bound only uses the image of function 
/. We propose an enhanced upper bound by investigating 
an equivalence relation on the input vectors of /. We will 
compare this equivalence relation with similar definitions 
proposed in 0, J3j in the next section. 

Definition 1 (Equivalence Class). For any function / : A s —>■ 
O , any two disjoint index sets J, J C S, and any a. b £ 

( c ) 

A T \c € we say a = b\i t j if for every a :,y £ >4 lxs , we 
have f(x) = f(y) whenever xi = a, yi = h,xj = yj = c and 

(c) 

XS\(IUJ) = VS\(IUJ )- Two vectors a and b satisfying a = 6|/,j 
are said to be (/, J, c)-equivalent. When J = 0 in the above 
definition, we use the convention that c is an empty matrix. 

Note that the equivalence as defined above does not depend 
on the structure of the network. However, it will soon be 
clear that with a network, the division of equivalence classes 
naturally leads to an upper bound of the network function¬ 
computing capacity based on cut sets. 

For every /, J, J and c £ A J \, let Wj C j j denote the total 

(c) 

number of equivalence classes induced by = | i j. Given a 
network M and a cut set C, let Wcj = max cgyl |j c | W\ L J Jc j. 
Our main result is stated as following. The proof of the 
theorem is presented in Section HVli. 


ip{x) = ip c (g c (x)), 


Theorem 3. If M is a network and f is a target function, then 


for certain function (see Lemma [3 in Section Hvl >. By (0 
and the pigeonhole principle, there must exist x,x' € A kxs 
such that 


/ (fc) 0r)^/ (fe V), 

9°(x) =9°{x'), 


where the second equality implies ip(x) = if>(x'). Thus 
this network code cannot compute both f^ k \x) and f( k \x') 
correctly. The proof is completed. ■ 

C. Upper Bounds 

In this paper, we are interested in the general upper bound 
on C(Af, })■ The first upper bound is induced by Proposition Q] 

Proposition 2. For a network M with target function f, 

C(Af,f)< min -- ^ j. — 

CeA(jy):I c =S log|_4| |/[-4 s ]| 


Proof: Build a network A f by joining all the source nodes 
of M into a single “super” source node. Since a code for 
network M can be naturally converted to a code for network 


C(AT, f) < min 


\C\ 


ceA(Af) log| A | W C j 


min-cut(Af , /). 


III. Discussion of Upper Bound 


In this section, we first give an example to illustrate the 
upper bound. We compare our result with the existing ones, 
and proceed by a discussion about the tightness of the bound. 


A. An Illustration of the Bound 

First we give an example to illustrate our result. Con¬ 
sider the network A/i in Fig. Q] with the object function 
f{x\,X‘ 2 ,xf) = XiX 2 + x 3 , where A = B = O = {0,1}. 

Let us first compare the upper bounds in Theorem [3] and 
Proposition [2] Let Co = {eg, ef\. Here we have 

. |Co| = 2, I Co = {3}, J Co = {1, 2} ; and 
« For any given inputs of nodes 1 and 2, different inputs 
from node 3 generate different outputs of /. Therefore 
j Co f = 2 for any c € A 2 and hence Wc 0 j = 2. 
By Theorem [3 we have 

C(A/i, /) < min-cut(A/i, /) < t--= 2. 

iog|^| W Co j 






1 2 3 



Fig. 1. Network Mi has three source nodes, 1, 2 and 3, and one sink node 
p that computes the nonlinear function f(x 1 ,^ 2 , ^ 3 ) = x\X 2 + # 3 , where 
A = 6 = 0 = {0,1}. 


While Proposition U induces that 

C(M,/) < 


\C\ 


CeA(M):/ c =S log|^| |/[A S ]| 

\C\ 


mm 

CeA(M):/c=S 


= 4, 


where the first equality follows from /[.4 s ] = {0,1}, and the 
second equality follows from 

min \C\ = | {e 4 ,e 5 ,e 6 ,e 7 } | = 4. 
CeA(A/i):/c=S 

Therefore, Theorem 0 gives a strictly better upper bound than 
Proposition [2] 

The upper bound in Theorem^is actually tight in this case. 
We claim that there exists a (1,2) network code that computes 
/ in TV}. Consider an input matrix x = ( 07 . 7)2 x 3 - Node i 
sends xu to node v and sends X 2 i to node p for i = 1,2,3 
respectively, i.e., for i = 1, 2, 3 

g ei = xu, g ei+3 = x 2 i- 

Node v then computes f(x 1 ) = X 11 X 12 + £13 and sends it 
to node p via edge e^. Node p receives f{x 1 ) from e 7 and 
computes f(x 2 ) = X 21 X 22 + £23 using the symbols received 
from edges e^, and e 6 . 


B. Comparison with Previous Works 

Upper bounds on the computing capacity have been studied 
in ed, a based on a special case of the equivalence class 
defined in Definition Q] However, we will demonstrate that 
the bounds therein do not hold for the example we studied in 
the last subsection. 

In Definition!]] when J = 0, we will say a = b\i, or a and b 
are /-equivalent. That is a = b\j if for every x, y £ A [ Xs with 
Xl = a, yr = b and x S \i = ys\i, we have f(x) = f(y). For 
target function / and / C 5, denote by Rjj the total number 
of equivalence classes induced by = [/. For a cut C £ A (Af), 
let Rcj = Ri c j- For J C S, let ij : J —» {1,...,|J|} 
be the one-to-one mapping preserving the order on J, i.e., 
i j(i) < i j(j) if and only if i < j. Then we have the following 
lemma: 

Lemma 1. Let I, J be disjoint subsets of S and J' C J. Then 
for a,b £ A 1 '' and c £ A J \ we have that a = implies 


a = b\i t j where f = In particular, a = b\j implies 

a = b\i t j for all J C S \ I and c £ A J \. 

(c') 

Proof: Assume that a = where / C S, J C S \ 

I, J' C J, a,b £ c £ and d = Cij(j'y We want to 

(c) 

prove that a = 

It suffices to show that f(x) = f(y) for all x,y £ A s 
satisfying xi = a,y r = b , xj = yj = c, x s \(iuj) = Vs\(iuj)- 
We know that xj< = (a ’j)ij(j') — c ij(j') = c> by definition 
of the function i, 7 . Therefore xi = a,yi = b,xj> = yj> = c! 
and x S \ (I uj') = Vs\(iuj')> which implies f(x) = f (y). The 
proof is finished. ■ 

Lemma 2. Let I C I' C S and J = I' \ I. For all c £ A J \ 
a = b\j implies a' = b'\p where a[ = a, b[ = b and 

(c) 

Proof: We have a = b\j implies a = b\pj by Lemma Q] 

(c) 

and a’ = b'\p is equivalent to a = b\ij by definition. ■ 

Lemma 3. Fix network A" and function f. Then, i) for any 
C £ A (A"), we have Rcj > Wcj; ii) for any C, C' £ A(A r ) 
with C C C and Ic = Ic> we have Wcj > Wcj. 


Proof: Let / = Ic, J = Jc aiul J' = .Ic ■ Apparently, 
Jc C J c . By Lemma [I] for c £ A Jc K we have 

Try( c ') > 

vv - vv i,j,fi 

where c' = Cijtj>y In particular. 


R LS ^ W LJ,f 

Then Rjj > max cg ^ui Wj C jj = Wcj. 

Fix c* G A |Jc| such that W^ f = W C j■ Then, Wcj > 

Wp'j\ f > W\ c 2 f = W C j where c" = c* j(J/) . ■ 

Define 


min-cutA(A r , /) 


|C| 


CGA(A^) log|_ 4 | Rcj 


By Lemma [2 we have min-cut(A/’, /) > min-cutA(A/",/). It 
is claimed in E Theorem II. 1] that min-cm^A”, /) is an 
upper bound on C(Af, /). We find, however, min-cutA(TV", /) 
is not universally an upper bound for the computing capacity. 
Consider the example in Fig. Q] For cut set C\ = {e 4 , e6, ej}, 
we have Ic r = {1,3}. On the other hand, it can be proved 
that Rc 1 j = 4 since i) / is an affine function of X 2 given 
that x\ and X 3 are fixed, and ii) it takes 2 bits to represent 
this affine function over the binary field. Hence 


min-cut A (Ai, /) < t- ^77 - = 7 < 2 = C(A"i, /). 

l°g|.4| R CiJ 2 

For a network TV" as defined in Section ITl-AI we say a subset 
of nodes U C V is a cut if \U 0 51 > 0 and p (j U. For a cut 
U, denote by £(U) the cut set determined by U, i.e.. 


£{U) = {e £ E : tail(e) £ V, head(e) E V \ U}. 








Let 


A*(A f) = {£(U) : U is a cut in A/”}- 


Define 


min-cut K (AA /) 


\C\ 


Ce A* (AT) log|^| Rcj' 


Since A*(A f) C A (A f), min-cut K (A/",/) > min-cut A (A/ - , /). 
It is implied by Lemma 3] that min-cutK.(A/’, /) is an 
upper bound on C(Af,f). However, min-cutK.(A/’, /) is also 
not universally an upper bound for the computing capacity. 
Consider the example in Fig. Q] For the cut U\ = {1,3, v }, 
the corresponding cut set £{U\) = C\ = {e 4 , eg, e 7 }. Hence, 


min-cut K (A/i, /) < - -^-= ^ < 2 = C(A/i, /). 

Though in general the upper bounds in J2), J3] are not valid, 
for various special cases discussed in ED.e.g., multi-edge tree 
networks, these bounds still hold. 


C. Tightness 

The upper bound in Theorem [3] is tight when the network is 
a multi-edge tree. We may alternatively prove the same result 
using J3] Theorem III.3], together with the facts that 


min-cut(A/”, /) 


\C\ 


ce a*W) log|_ 4 | W C j 


and that for a multi-edge tree network, Wcj = Rcj for 
C £ A*(A/"). 


Theorem 4 . If G is a multi-edge tree, for network AT = 
( G,S,p ) anal any target function f, 


C(Af , /) = min-cut(N, /). 

Proof: Fix a pair of (n, fc) such that A log| B |^4| < 
min-cut(A/”,/). It suffices to show that there exists an (n,k) 
code computing / on A/". We have 

Wcj < |SI ” 101 (3) 

for all (7 € A (A/ - ). For node u, define 

P(u) = {»$ S\v —> w} , 
prec(u) = {»£ V|(u, m) ef}. 

For all u £ G, £ 0 {u) is a cut set, and 

h 0 (u) = P(u), Js 0 (u) = 0 , 

R k £o{u) j < \B\ n ^. ( 4 ) 

We assign each u a function 

such that 

lu{x) = 7 u(y) = y\ P ( u ). 

For any s £ A^ p< ^ w ^, the value 7 u (s) determines the equiva¬ 
lence class s lies in. For x £ yl fcx l p (“)l, let 


7u( x ) = (lu(x 1 ),j u (x 2 ), ■ ■ ■ ,'y u (x k )) T . 


Then consider the following (n, k ) code, where we claim 
that 7 u( x P{u)) can be computed by all nodes u, given the 
initial input x £ A kxs . This claim is proved inductively with 
the outline of the code. 

Each source node i £ S computes (xf). Note that there 
are only R k ; , j < possible outputs of 7 *. So we 

can encode each output into a distinct string of B n and 
send the n\£ 0 (i)\ entries of the string in n uses of the edges 
in £ 0 (i). Thus the claim holds for all source nodes i. 

For an intermediate node u, let m = |prec(u)| and denote 
prec(u) = {ui,..., v m }. Assume that the claim holds for 
all v £ prec(it). Node u first recovers 7 k (x P ^) for all 
v £ prec(it) using the symbols received from £fu). This is 
possible by the induction hypothesis and £ 0 (v) C £fu) for 
all v £ prec(it). Then node u fixes s £ v 4 fex l p (' u )l such that 
7v j { s i PW (PK))) = Ivj ( x P( V j)) holds for a11 1 <j<m, i.e. 

■®ip (u) {P(vj)) = *p(v J )l p (t, J ),Vl < j < m, 1 < i < k. (5) 

Such an s can be found by enumerating the matrices in 

_4fcx|p(«)|_ 

By ((Tjk we can encode each output of j k into a distinct 
string of B n l £ °(“)l. In this (n,k) code, node u encodes j k (s) 
and sends the n\£ 0 (u)\ entries of the string in n uses of the 
edges in £ 0 (u). 

We claim that 7 k (s) = 7 k (x P ( u )). As G is a tree, we have 
P{u) = Ui <j< m P{vj) 

where P(v) C\P(v') = 0 if v v'. Then define a sequence of 
strings {aj}”l 0 ,aj £ A lxP ^ as follows: 

CLq = S , Clm = X p( n ) 5 


( a i )ip(«)( p (^i)) 


s tp W (PM )’ 1 > A 


Consider strings a :l _ 1 and a 3 , for all 1 < j < m. In 
Lemma |2] let 


a' = ctj- 1 , 

b' = CLj, 

< a = (a )i P(u) (p(ii 3 -)) = (s )ip (u) (p( Vj )): ( 6 ) 

b = (b )i P(u )(P( V j)) = ( x ‘)p(vj), 

C = (d )i p( u )(P(u)\P(v j )) = (b )i PM (P(u)\P(vj))’ 

we have a' = 6'|p( u ), i.e. <Zj_i = aj\p^ for all 1 < j < in. 
The equivalence then extends to 

O'0 = S = O m = Xp( u ^ |p(ii) 

for all 1 < i < k. Therefore s l = x l p ^\ p(„) always holds, 
and we have 

7 u(s) = lu( x P(u))i 

finishing the induction. 

The sink node can compute ^(x), identifying f^(x). ■ 
The upper bound in Theorem [3] is not tight for certain cases. 
Consider the network A /2 in Fig. |2ja) provided in d. Note 
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(a) Network A /2 (b) Network A/j 

Fig. 2. Networks A /2 and Ahave three binary sources. {1,2,3} and 
one sink p that computes the arithmetic sum of the source messages, where 
A = B = {0,1}. In A/}, the number of edges from node i to node i' is 
infinity, i = 1,2. 


that in A/ 2 , source nodes 1 and 2 have incoming edges. To 
match our model described in Section III-AI we can modify 
A4 to A f 2 shown in Fig. [2}h), where the number of edges 
from node i to node i' is infinity, i = 1,2. Every network 
code in N', naturally induces a network code in A /2 and vise 
versa. Hence, we have 


C(A4,/)=C(AT',/). 


We then evaluate min-cut(A/" 2 ,/). Note that 


\C\ 


log| X | W C j 


< 00 


holds only if |G| < 00, and we can thus consider only the 
finite cut sets. For a finite cut set G, we denote by C' = 
G fl {ei,...,e4}. We have |G'| < |G| and Jc C Jc, and 
we claim /c' = Ic- Note that Ic C I (: . Suppose that there 
exists i G Ic\ Ic, then there exists a path from i to p which 
is disjoint with C' , but shares a subset D of edges with G. 
Then D C £ 0 ( 2 ) and hence \D\ = 1. We simply replace the 
edge in D by an arbitrary edge in £ 0 {i) \ C and form a new 
path from i to p. This is always possible, since G n£ 0 (*) is 
finite while £ 0 (i) is not. The newly formed path is disjoint 
with G, and then we have i f Ic, a contradiction. 

According to Lemma[3| we have Wc'j > Wcj and hence 


\c'\ 


< 


\C\ 


-...- —. Therefore we can consider only cut 

~Z\A\ W C',J ~ lo S|A| W C,f J 

sets C' C {ei, e 2 , e 3 , 64}. We then have min-cut(A/* 2 ,/) = 1, 
where the minimum is obtained by the cut set {e 2 ,64}. While 
for network A/ 2 , it has been proved in J 2 ] that C(A/ 2 ,/) = 
log 6 4 < 1 . Hence min-cut(A/* 2 , /) = 1 > C^Af^, /)■ 


IV. Proof of Main Theorem 

To prove Theorem [3] we first give the definition of F- 
extension and two lemmas. 

Definition 2. [F-Extension] Given a network J\f and a cut set 
G G A(A/"), define D(C) C £ as 

D(C) = (J £ 0 (i). 

i£Ic 


Then the F-extension of C is defined as 

F(C) =CUD(C). 

Lemma 4. For every cut set C, F(C ) is a global cut set, i.e. 
VC€A(N)J f{C ) = S. 

Proof: Clearly, Ic C I F (C), th cn it suffices to show that 
for all i Ic, we have i £ I F (C)- This is true, since £ 0 (i) C 
F(C) and i G I £o(i) imply i G I F (c)- ■ 

Lemma 5. Consider a ( n , k) network code in J\I = (G, S, p). 
For any global cut set C, is a function of g c (x), i.e., 

ip{x) = tl> c (g c (x)) for certain function 

Proof: For a global cut set G of A/\ Let Gc be the 
subgraph of G formed by the (largest) connected component 
of G including p after removing G from £. Let Sc be the set 
of nodes in Gc that do not have incoming edges. Since Gc 
is also a DAG, Sc is not empty. For each node u G Sc, we 
have i) u is not a source node in A f since otherwise G would 
not be a global cut set, and ii) all the incoming edges of u in 
G are in G since otherwise Gc can be larger. For each node 
u in Gc but not in Sc, the incoming edges of u are either 
in Gc or in G, since otherwise the cut set G would not be 
global. If we can show that for any edge e in Gc, g e {x) is 
a function of g c (x ), then tl>(x) = ip(£i(p)) is a function of 
9 C {x). 

Suppose that Gc has K nodes. Fix an order on the set of 
nodes in Gc that is consistent with the partial order induced 
by Gc, and number these nodes as u\ < ... < uk, where 
uk = P- Denote by £ 0 {u\Gc) the set of outgoing edges of 
u in Gc- We claim that g £ °( Ui \ G d(x) is a function of g c (x) 
for i = 1 ,... ,K, which implies that for any edge e in Gc, 
g e (x) is a function of g G (x). We prove this inductively. First 
g£ 0 (ui\G c ) j s a function of g c (x) since u\ G Sc and hence 
all the incoming edges of ui in G are in G. Assume that the 
claim holds for the first k nodes in Gc, k > 1. For Uk+\, we 
have two cases: If Uk+i G Sc, the claim holds since all the 
incoming edges of Uk+i in G are in G. If Uk+i ^ Sc, we 
know that £fuk+i) C ujL 1 £ 0 (tti|Gc) U G. By the induction 
hypothesis, we have that £ 0 (uk+i\Gc) is a function of 9°(x). 
The proof is completed. ■ 

In the following proof of Theorem [3] it will be handy to 
extend the equivalence relation for a block of function inputs. 
For disjoint sets /, J G S and c G >4 lx l J l we say a,b G 
A kx \ I I are (/, J, c)-equivalent if for any x,y G A kxs with 
xi = a,yi = b, xj = yj = (c T , c T ,..., c T ) and x S \iuj = 
Vs\iuj, we have f^ k \x) = f^ k \y). Then for the set A kx ^K 
the number of equivalence classes induced by the equivalence 

relation is (wj C j j^J . 

Proof of Theorem\3\ Suppose that we have a (n, k ) code 

with 

k 

— lo S|B| l-T| > min-cut(A/ r , /). 


(7) 







We show that this code cannot compute f(x) correctly for all 
x £ A kxs . Denote 


C* = arg 


\C\ 


CeA(A0 log|_ 4 | Wc,f 


and 


c* = arg max wg 'j f . 

ceA lJ c* i ° ' ° 


By ©-©, we have 


k. 1 C 

- lo g|ei I' 4 ! > 


which leads to 


l 0 gW<!; o .,/’ 




( 8 ) 

(9) 


( 10 ) 


Note that y c (.r) only depends on x’if G ,. By (ITOt and the 
pigeonhole principle, there exist a,b £ J{ kx \ T c* such that i) 
a and b are not (Iq* , Jc* , c*)-equivalent and ii) g c {x) = 
g C (y) f°r any x,y £ _4. fcxs with 

{ xi c , = a , y Ic , = b, 

xj c * =yj c . = (c* T ,c* T ,...,c* T ) T , (11) 

x s\k c , = Vs\k c , ■ 

Fix x,y £ A kxs satisfying ( flTt and f( k \x) ^ f^ k \y). The 
existence of such x and y is due to i). Since C* and D(C*) 
are disjoint (see Definition [2j and for any i (fi !(;•, Xi = y.,, 
together with ii), we have 


g ncn {x) = g F(cn {y y 


Thus, applying Lemma [5] we have i/>(x) = ip{y). Therefore, 
the code cannot computes both f^(x) and f^ k \y) correctly. 
The proof is completed. ■ 
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